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Abstract
Symmetric conformal Killing tensors and (skew-symmetric) conformal Yano–
Killing tensors for Euclidean Taub-NUT metric are given in explicit form. Re-
lations between Yano and CYK tensors in terms of conformal rescaling are
discussed.
1 Introduction
In [13] we examined conformal Yano–Killing tensors in Kerr spacetime. In this paper
we discuss Euclidean Taub-NUT metric which is also an interesting case possessing
non-trivial CYK tensors.
According to [12] one can define, in terms of spacetime curvature, two kinds of
conserved quantities with the help of conformal Yano–Killing tensors (see [20], [21]).
Sometimes they are also called conformal Killing forms or twistor forms (see e.g. [14],
[17], [18]). The first kind is linear and the second quadratic with respect to the Weyl
tensor but a basis for both of them is the Maxwell field. Conserved quantities which
are linear with respect to CYK tensor were investigated many times (cf. [6], [7], [9],
[10], [12], [15], [16]). On the other hand, quadratic charges are less known and have
usually been examined in terms of the Bel–Robinson tensor (see e.g. [1], [2], [3], [4]).
This paper is organized as follows: In the next Section we introduce basic notions,
CYK tensors for Euclidean Taub-NUT metric and derive conformal symmetric Killing
tensors. In Section 3 we analyze the question if we can reduce Conformal Yano-Killing
tensor to Yano by conformal transformation?
2 Taub-NUT metrics and its CYK tensors
LetM be an n-dimensional (n > 1) manifold with a Riemannian or pseudo-Riemannian
metric gµν . The covariant derivative associated with the Levi–Civita connection will
∗Partially supported by EPSRC: EP/D032091/1. E–mail: Jacek.Jezierski@fuw.edu.pl
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be denoted by ∇ or just by “ ; ”. By T...(µν)... we will denote the symmetric part and
by T...[µν]... the skew-symmetric part of tensor T...µν... with respect to indices µ and ν
(analogous symbols will be used for more indices).
Let Qµν be a skew-symmetric tensor field (two-form) on M and let us denote by
Qλκσ a (three-index) tensor which is defined as follows:
Qλκσ(Q, g) := Qλκ;σ +Qσκ;λ −
2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
. (2.1)
The object Q has the following algebraic properties
Qλκµg
λµ = 0 = Qλκµg
λκ , Qλκµ = Qµκλ , (2.2)
i.e. it is traceless and partially symmetric. In [13] (see also [9], [10]) we proposed the
following
Definition 1 A skew-symmetric tensor Qµν is a conformal Yano–Killing tensor (or
simply CYK tensor) for the metric g iff Qλκσ(Q, g) = 0.
In other words, Qµν is a conformal Yano–Killing tensor if it fulfils the following equa-
tion:
Qλκ;σ +Qσκ;λ =
2
n− 1
(
gσλQ
ν
κ;ν + gκ(λQσ)
µ
;µ
)
(2.3)
(first proposed by Tachibana and Kashiwada, cf. [20]). Moreover, if ξµ := Q
ν
µ;ν
vanishes then Q is a usual Yano tensor i.e. a solution of equation (2.3) with vanishing
right-hand side.
Let us consider Euclidean Taub-NUT metric which is an example of a metric
admitting nontrivial solutions of the equation (2.3). We will define it in terms of
coordinate system (ψ, r, θ, φ). In these coordinates the metric tensor has a form:
g =
(
1 +
2m
r
)(
dr2 + r2 dθ2 + r2 sin2 θ dφ2
)
+
4m2
1 + 2m
r
( dψ + cos θ dφ)2 . (2.4)
Passing to the limit as r →∞ we get:
g = dr2 + r2 dθ2 + r2 sin2 θ dφ2 + dψ¯2, (2.5)
where ψ¯ := 2mψ (the term cos θ dφ is negligible relative to r sin θ dφ). It means that
for large r the metric g looks like flat Euclidean metric and therefore may be called
“asymptotically flat Euclidean metric”. However, Taub-NUT manifold (denoted by
M) is a bundle M → S2 with base coordinates (θ, φ) on the two-sphere S2. Fibre
coordinates are (ψ, r). Moreover, it is not a trivial bundle, i.e. it has no global section.
If, for example, we restrict ourselves to points with constant ψ and r, than the metric
induced on this surface is singular. We will see that it causes some difficulties.
Similarly to the case of Kerr metric (cf. [13]) there are known Yano tensors for
the metric (2.4) (see e.g. [8]). They are given by the following formulae:
Y = 2m2 ( dψ + cos θ dφ) ∧ dr + r (r +m) (r + 2m) sin θ dθ ∧ dφ, (2.6)
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Yi = 4m ( dψ + cos θ dφ) ∧ dxi − (1 +
2m
r
)ǫijk dx
j ∧ dxk, (2.7)
where 1 ≤ i, j, k ≤ 3. The functions xi = xi and the symbol ǫijk are defined by:
x1 := r sin θ cosφ,
x2 := r sin θ sinφ,
x3 := r cos θ,
ǫijk =
{
+1 if ijk is an even permutation of 1,2,3
−1 if ijk is an odd permutation of 1,2,3
0 in any other cases
We can now ask, how tensors dual to Y and Yi look like. It turns out that tensors Yi
are anti-selfdual, i.e. ∗Yi = −Yi. They are also covariantly constant, i.e. ∇ρ(Yi)µν = 0
Moreover, the two-forms Fµν(R, Yi) := Rµνλκ(Yi)
λκ, where R is a Riemann tensor1 of
the metric g, are identically equal to zero.
Tensor dual to Y has a form:
∗ Y = 2m (m+ r) ( dψ + cos θ dφ) ∧ dr +mr (r + 2m) sin θ dθ ∧ dφ. (2.8)
∗Y is not a Yano tensor anymore. Its divergence χ defined as χν := ∗Y µν ;µ equals to
− 3
2m
∂ψ, which implies that equation (2.3) for ∗Y has nontrivial right-hand side.
We may try to derive “Euclidean” charges corresponding to tensors Y and ∗Y .
Asymptotically they look as follows:
Y = r3 sin θ dθ ∧ dφ+O (1) = ∗(r dψ ∧ dr) +O (1) ,
∗Y = r dψ ∧ dr +O (1) .
We can say, then, that a charge corresponding to ∗Y is the (Euclidean) energy, and a
charge corresponding to Y is the dual energy (cf. [13]).
It turns out that, although Y and ∗Y are different tensors, the forms F (R, Y )
and F (R, ∗Y ) are the same. We will denote it by F˜ := F (R, Y ) = F (R, ∗Y ). We
have:
F˜ =
8m2
(r + 2m)2
dψ ∧ dr +
4rm sin θ
r + 2m
dθ ∧ dφ+
8m2 cos θ
(r + 2m)2
dφ ∧ dr. (2.9)
The fact F (R, Y ) = F (R, ∗Y ) implies that charges corresponding to Y and ∗Y are
the same, energy is self-dual i.e. energy and dual energy are equal. Unfortunately
in the case of Taub-NUT metric, we cannot define the charge as a integral over a
closed surface, since our spacetime M is nontrivial bundle M → S2 and there is no
1Ricci tensor of Taub-NUT metric vanishes, which implies that its Riemann tensor is a spin-2
field.
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“sphere at infinity”. However, we may project the form F˜ µν dSµν onto the base of the
fibration, integrate it, and get the result, which depends on r:
1
16π
∫
S2
F˜ µν dSµν =
mr
r + 2m
−→
r→∞
m.
It is not surprising that the “dual mass” cannot be defined as a integral over a finite
two-surface.
For F˜ there exist a potential A˜ (F˜ = dA˜) equal to
A˜ = −
4mr
r + 2m
dψ −
4mr cos θ
r + 2m
dφ, (2.10)
g−1(A˜) = −
1
m
∂ψ. (2.11)
We see that for such a potential g−1(A˜) is a Killing vector field of the metric g, and
therefore F˜ is a Papapetrou field (like F (R, ∗Q) for the Kerr metric cf. [13]).
It remains to check, how the conformal Killing tensor related to Y , ∗Y , and Yi
look like. Let us introduce the following notation:
Kµν(Y, Z) :=
1
2
(Yµ
κZκν + Zµ
κYκν) .
In coordinate system (ψ, r, θ, φ) the easiest way of writing out these tensors is
to treat them as covariant tensors (with lowered indices). We have the following
non-vanishing components of the symmetric 5× 5 matrix K(·, ·):
K(Y, Y ) = −
1
1 + 2m
r
[
4m4 dψ2 + 8m4 cos θ dψ dφ+ (m+ r)2(r + 2m)2 dθ2 +
+
(
r sin2 θ(3m+ r)(4m2 + 3mr + r2) + 4m2
)
dφ2 +m2(1 +
2m
r
)2 dr2
]
,
K(Yi, Yj) = −
1
1 + 2m
r
[
16m2 dψ2 + 32m2 cos θ dψ dφ+ 4(r + 2m)2 dθ2 +
+ 4
(
r(r + 4m) sin2 θ + 4m2
)
dφ2 +
4(r + 2m)2
r2
dr2
]
δij
K(Y, Y1) = −
1
1 + 2m
r
[
8m3 sin θ cosφ dψ2 − 2(m+ r)(r + 2m)2 sin θ cosφ dθ2 +
+2Σ sin θ cosφ dφ2 +
2m(r + 2m)2 sin θ cosφ
r2
dr2 +
−2m(r + 2m)2 sinφ dψ dθ − 2mr(r + 4m) sin θ cos θ cosφ dψ dφ+
−2m(r + 2m)2 cos θ sinφ dθ dφ+
(r + 2m)3 cos θ cosφ
r
dθ dr +
4
−
(r + 2m)3 sin θ sinφ
r
dφ dr
]
K(Y, Y2) = −
1
1 + 2m
r
[
8m3 sin θ sinφ dψ2 − 2(m+ r)(r + 2m)2 sin θ sin φ dθ2 +
+2Σ sin θ sinφ dφ2 +
2m(r + 2m)2 sin θ sin φ
r2
dr2
+2m(r + 2m)2 cosφ dψ dθ − 2mr(r + 4m) sin θ cos θ sinφ dψ dφ
+2m(r + 2m)2 cos θ cosφ dθ dφ+
(r + 2m)3 cos θ sin φ
r
dθ dr +
+
(r + 2m)3 sin θ cosφ
r
dφ dr
]
K(Y, Y3) = −
1
1 + 2m
r
[
8m3 cos θ dψ2 − 2(m+ r)(r + 2m)2 cos θ dθ2 +
+2(Σ + 2m(r + 2m)2) cos θ dφ2 +
2m(r + 2m)2 cos θ
r2
dr2 +
+2m(r2 sin2 θ + 4mr sin2 θ + 4m2) dψ dφ−
(r + 2m)3 sin θ
r
dθ dr
]
K(Y, ∗Y ) = −
1
1 + 2m
r
[
4m3(m+ r) dψ2 +m(m+ r)(r + 2m)2 dθ2 +
+m(m+ r)(4m2 + r(r + 4m) sin2 θ) dφ2 +
+
m(r + 2m)2(m+ r)
r2
dr2 + 4m3(m+ r) cos θ dψ dφ
]
K(∗Y, Y1) = −
1
1 + 2m
r
[
8m2(m+ r) sin θ cosφ dψ2 − 2m(r + 2m)2 sin θ cosφ dθ2 +
−2m(r2 cos2 θ + (r + 2m)2) sin θ cos φ dφ2 +
2(m+ r)(r + 2m)2 sin θ cosφ
r2
dr2 +
−2m(r + 2m)2 sinφ dψ dθ − 2mr2 sin θ cos θ cosφ dψ dφ+
−2m(r + 2m)2 cos θ sinφ dθ dφ+
(r + 2m)3 cos θ cosφ
r
dθ dr +
−
(r + 2m)3 sin θ sinφ
r
dφ dr
]
K(∗Y, Y2) = −
1
1 + 2m
r
[
8m2(m+ r) sin θ sinφ dψ2 − 2m(r + 2m)2 sin θ sinφ dθ2 +
−2m(r2 cos2 θ + (r + 2m)2) sin θ sin φ dφ2 +
2(m+ r)(r + 2m)2 sin θ sin φ
r2
dr2 +
+2m(r + 2m)2 cosφ dψ dθ − 2mr2 sin θ cos θ sin φ dψ dφ+
+2m(r + 2m)2 cos θ cosφ dθ dφ+
(r + 2m)3 cos θ sin φ
r
dθ dr +
+
(r + 2m)3 sin θ cosφ
r
dφ dr
]
K(∗Y, Y3) = −
1
1 + 2m
r
[
8m2(m+ r) cos θ dψ2 − 2m(r + 2m)2 cos θ dθ2 +
5
+2m(4m2 + 4mr + r2 sin2 θ) cos θ dφ2 +
2(m+ r)(r + 2m)2 cos θ
r2
dr2 +
+2m(4m2 + 4mr + r2 sin2 θ) dψ dφ−
(r + 2m)3 sin θ
r
dθ dr
]
K(∗Y, ∗Y ) = −
1
1 + 2m
r
[
4m2(m+ r)2 dψ2 + 8m2(m+ r)2 cos θ dψ dφ+
+m2(4mr cos2 θ + 3r2 cos2 θ + r2 + 4mr + 4m2) dφ2 +
+m2(r + 2m)2 dθ2 +
(m+ r)2(r + 2m)2
r2
dr2
]
,
where Σ := −r2(r + 3m) sin2 θ − 2m(r2 + 4mr + 2m2). Matrix K(·, ·) contains
4× 4 symmetric sub-matrix of Killing tensors (corresponding to Yano tensors Yi and
Y ) with 5 non-vanishing terms. The remaining 5 components are conformal Killing
tensors for Taub-NUT metric.
3 Conformal rescaling of CYK tensors
In this section we will be dealing with conformal transformations and their impact on
conformal Yano-Killing tensors. Since most of the consideration here is independent of
the dimension of a manifold, we will not restrict ourselves to spacetime of dimension
four. We assume that we are dealing with n-dimensional manifold and that this
manifold has a metric g (signature of g plays no role).
3.1 Basic formulae
Let Γαµν denotes Christoffel symbols of Levi-Civita connection associated with the
metric g. We have:
Γαµν =
1
2
gαβ(gβµ,ν + gβν,µ − gµν,β). (3.1)
Let g˜ be conformally rescaled metric, i.e. g˜µν := Ω
2gµν (and what follows, g˜
µν :=
Ω−2gµν), where Ω is a certain positive function (Ω > 0). We will denote Christoffel
symbols of this metric by Γ˜αµν , and covariant derivative associated with them by ∇˜µ.
Obviously, for g˜µν and Γ˜
α
µν we have formula analogous to (3.1). We have:
Γ˜αµν =
1
2
g˜αβ(g˜βµ,ν + g˜βν,µ − g˜µν,β)
=
1
2
Ω−2gαβ
(
(Ω2gβµ),ν) + (Ω
2gβν),µ + (Ω
2gµν),β
)
= Γαµν +
1
2
Ω−2gαβ
(
(Ω2),νgβµ + (Ω
2),µgβν + (Ω
2),βgµν
)
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= Γαµν + g
αβ (U,νgβµ + U,µgβν + U,βgµν)
= Γαµν + δ
α
µU,ν + δ
α
νU,µ − g
αβU,βgµν , (3.2)
where U := log Ω. Using the formula (3.2) and formulas:
∇µXνρ = Xνρ,µ −XαρΓ
α
νµ −XναΓ
α
ρµ (3.3)
and
∇˜µXνρ = Xνρ,µ −XαρΓ˜
α
νµ −XναΓ˜
α
ρµ (3.4)
(which are true for any tensor Xµν), we get:
∇˜µXνρ = ∇µXνρ −XµρU,ν −XνµU,ρ − 2XνρU,µ +
+ gαβU,β (Xαρgµν +Xναgµρ) . (3.5)
3.2 Reducing CYK tensors to Yano tensors
The following theorem has been proved in [13]:
Theorem 1 If Qµν is a CYK tensor for the metric gµν, then Ω
3Qµν is a CYK tensor
for the conformally rescaled metric Ω2gµν .
The situation which we were dealing here and in [13] was the particular one: each
considered CYK tensor either was Yano tensor or had the dual one being Yano tensor.
We can ask whether this situation is truly particular. Obviously, if we conformally
rescale the metric and its CYK tensors (according to the Theorem 2 in [13]), then
we get CYK tensors which in general are not Yano tensors, even if they were Yano
before the rescaling. However, we can ask if a well chosen conformal factor can
bring the situation to one we were dealing with in [13]. In the case of manifold of
dimension different than four we cannot define dual CYK tensor. Nevertheless we can
ask whether every CYK tensor can be reduced to Yano tensor by a properly chosen
conformal transformation.
Let gµν be a metric of a manifold M and Qµν its CYK tensor. If Ω is a positive
function, then according to the Theorem 1, Q˜µν := Ω
3Qµν is a CYK tensor of the
metric g˜µν := Ω
2gµν . The necessary and sufficient condition for Q˜µν being Yano
tensor is vanishing of ξ˜µ defined as follows
ξ˜ρ := g˜
µν∇˜µQ˜νρ . (3.6)
¿From the formula (cf. Appendix A of [13])
ξ˜ρ = Ω(ξρ + (n− 1)g
µνQµρU,ν) , (3.7)
where ξρ := g
µν∇µQνρ, we get that this condition is equivalent to:
ξρ = (1− n)g
µνQµρU,ν , (3.8)
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where ξρ := g
µνQµρ;ν and U := log Ω. We see that CYK tensor Qµν can be reduced
to Yano tensor if and only if there exist an exact form ζµ such that
ξν = Qµνζµ (3.9)
(namely ζµ = (1 − n)U,µ). It seems that there are no reasons for claiming that for
every CYK tensor there exist ζµ fulfilling the equation (3.9) and moreover that this
ζµ is exact (or even closed). In particular, it is easy to show an example of a CYK
tensor for which there are no globally defined form ζµ. Let us consider Minkowski
spacetime (gµν = ηµν = diag(−1, 1, 1, 1) in Cartesian coordinates x
µ). Let us denote
by D a dilation vector field:
D := xµ
∂
∂xµ
, (3.10)
and by Tµ, Lµν generators of Poincare group:
Tµ :=
∂
∂xµ
, Lµν := xµ
∂
∂xν
− xν
∂
∂xµ
. (3.11)
The CYK tensor Q = D ∧ T0 has its corresponding vector ξ equal to
3
2
∂0. Let
us notice that D vanishes in the point xµ = 0, µ = 0, . . . , 3. It means that in this
point Q = 0 and from the equation (3.9) we get that for any ζ the field ξ is equal to
zero which contradict the fact that ξ = 3
2
∂0. Therefore the equation (3.9) cannot be
fulfilled everywhere.
We can now check how the situation changes for the case of the Kerr metric:
gKerr = gtt dt
2 + 2gtφ dt dφ+ grr dr
2 + gθθ dθ
2 + gφφ dφ
2 , (3.12)
where
gtt = −1 +
2mr
ρ2
, gtφ = −
2mra sin2 θ
ρ2
, grr =
ρ2
△
, gθθ = ρ
2,
gφφ = sin
2 θ
(
r2 + a2 +
2mra2 sin2 θ
ρ2
)
, (3.13)
with
ρ2 = r2 + a2 cos2 θ and △ = r2 − 2mr + a2 , (3.14)
and for the Euclidean Taub-NUT metric given by (2.4). In spacetimes (3.12-3.13) and
(2.4) we have the following CYK tensors:
QKerr = r sin θ dθ ∧
[(
r2 + a2
)
dφ− a dt
]
+ a cos θ dr ∧
(
dt− a sin2 θ dφ
)
. (3.15)
∗QKerr = a cos θ sin θ dθ∧
[(
r2 + a2
)
dφ− a dt
]
+ r dr∧
(
a sin2 θ dφ− dt
)
(3.16)
in Kerr spacetime (see [13]) and
YNUT = 2m
2 ( dψ + cos θ dφ) ∧ dr + r (r +m) (r + 2m) sin θ dθ ∧ dφ, (3.17)
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∗ YNUT = 2m (m+ r) ( dψ + cos θ dφ) ∧ dr +mr (r + 2m) sin θ dθ ∧ dφ. (3.18)
for Taub-NUT respectively (cf. 2.6 and 2.8). It turns out that ∗YNUT defined by
the formula (2.8) can be reduced to Yano tensor by a properly chosen conformal
transformation. For ∗QKerr defined by the formula (3.16) we can only find U satisfying
the equation (3.8) which is not defined on the plane θ = π/2. We will discuss this
case first.
We denoted by gKerr the metric tensor defined by the formulae (3.12)–(3.14). ∗QKerr
given by (3.16) is a CYK tensor of the metric gKerr, but it is not its Yano tensor, since
we have χν := ∗Qµν ;µ = 3δ
ν
t. Rewriting the equation (3.8) for ∗Q and χ we get:
χν = −3 ∗QµνU,µ (3.19)
(obviously indices in ∗Q were raised with respect to the metric gKerr). The only non-
vanishing components of the tensor ∗Qµν are the following:
∗Qθt =
a2 sin θ cos θ
ρ2
, ∗Qrt =
r(r2 + a2)
ρ2
,
∗Qθφ =
a cos θ
sin θρ2
i ∗Qrφ =
ar
ρ2
.
Let us write the components of equation (3.19):
1 = − ∗QµtU,µ = Q
tθU,θ +Q
trU,r, (3.20)
0 = − ∗QµrU,µ = Q
rtU,t +Q
rφU,φ, (3.21)
0 = − ∗QµθU,µ = Q
θtU,t +Q
θφU,φ, (3.22)
0 = − ∗QµφU,µ = Q
φθU,θ +Q
φrU,r. (3.23)
¿From equations (3.21) and (3.22) we get that
−
Qrφ
Qrt
U,φ = U,t = −
Qθφ
Qφt
U,φ .
If U,φ 6= 0, then we obtain the following contradiction:
a
r2 + a2
=
Qrφ
Qrt
=
Qθφ
Qφt
=
1
a sin θ
which implies that U,φ = U,t = 0. Moreover, from equations (3.20) and (3.23) we get
1 = (Qtr −Qtθ
Qφr
Qφθ
)U,r = −rU,r.
Therefore U = − log r + f(θ), where f is a certain function of one variable. ¿From
the equation (3.23) we get the following ODE:
df
dθ
= U,θ = −
Qφr
rQφθ
=
sin θ
cos θ
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which maybe easily integrated in closed form: f = − log | cos θ| + c1, where c1 is a
certain constant. Finally we get that U = − log |r cos θ|+ c1 hence
Ω =
c2
r| cos θ|
,
where c2 = e
c1 is a positive constant. Let us observe that U and Ω are not defined
(or singular) on the plane θ = pi
2
. Direct computation shows that tensor Ω3 ∗Q is
indeed Yano tensor of the metric Ω2gKerr. Tensor Ω
3Q is no longer Yano tensor of the
conformally rescaled metric (although obviously it is its CYK tensor), since we have
ξ˜Kerr =
3a
c2
∂t +
3
c2
∂φ (where ξ˜Kerr is defined by (3.6)). The vector field ξ˜Kerr is Killing
vector field of the metric Ω2gKerr. It seems that it is only a coincidence, since Ω
2gKerr
is no longer an Einstein metric.
Finally, we discuss the case of CYK tensor of Taub-NUT metric. Let gNUT denote
this metric defined by the formula (2.4). Tensor ∗YNUT defined by the formula (2.8)
is its CYK tensor but is not its Yano tensor, since χν := ∗Y µν ;µ = −
3
2m
δνψ. In order
to find conformal factor Ω′, which reduces ∗Y to Yano tensor, let us rewrite the
equation (3.8) for ∗Y , χ and U ′ := log Ω′. We have:
χν = −3 ∗Y µνU ′,µ (3.24)
The only non-vanishing components of the tensor ∗Y µν are the following:
∗Y ψθ =
m cos θ
r(r + 2m) sin θ
, ∗Y ψr =
m+ 4
2m
, ∗Y θφ =
m
r(r + 2m) sin θ
.
Let us write out the components of the equation (3.24):
1 = 2m ∗Y µψU ′,µ = 2m ∗Y
θψU ′,θ + 2m ∗Y
rψU ′,r , (3.25)
0 = 2m ∗Y µrU ′,µ = 2m ∗Y
ψrU ′,ψ , (3.26)
0 = 2m ∗Y µθU ′,µ = 2m ∗Y
ψθU ′,ψ + 2m ∗Y
φθU ′,φ , (3.27)
0 = 2m ∗Y µφU ′,µ = 2m ∗Y
θφU ′,θ , (3.28)
Equations (3.26)–(3.28) imply that U ′,ψ = U
′
,θ = U
′
,φ = 0, that is U
′ = U ′(r). Using
this result and the equation (3.25) we get:
1 =
dU ′
dr
2m ∗Y rψ = −(m+ r)
dU ′
dr
,
that is U ′ = − log(m+ r) + c3, where c3 is a certain constant. Finally:
Ω′ =
c4
m+ r
,
where c4 = e
c3 is a positive constant. Again direct computation shows that Ω′3 ∗Y
is a Yano tensor of the metric Ω′2gNUT. The tensor Ω
′3Y (where Y is defined by the
formula (2.6)) is a CYK tensor of the conformally rescaled metric, for which we have:
ξ˜NUT =
3
2c4
∂ψ. Although Ω
′2gNUT is no longer an Einstein metric, a vector ξ˜NUT is its
Killing vector.
Considerations in this Section show that there is no unique answer to the question
if we can reduce CYK to Yano via conformal rescaling, for Kerr the answer is negative
but for Euclidean Taub-NUT is positive.
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